For any C ⊆ R there is a subset A ⊆ C such that A + A has inner measure zero and outer measure the same as C + C. Also, there is a subset A of the Cantor middle third set such that A + A is Bernstein in [0, 2] . On the other hand there is a perfect set C such that C + C is an interval I and there is no subset A ⊆ C with A + A Bernstein in I.
X, Y such that X +Y is non-measurable (see [7] ). The paper by Rubel (see [6] ) in 1963 contains the first proof that we could find for the case X = Y (see also [5] ). Ciesielski [3] extends these results to much greater generality, showing that A can be a measure zero Hamel basis, or it can be a (non-measurable) Bernstein set and that A+A can also be Bernstein. He also establishes similar results for multiple sums, A + A + A etc.
This paper is mainly about the statement above and the intuition behind it. Below we list four conjectures, each of which seems justified by extending this line of reasoning.
1. Not only does such a set exist, but it can be taken to be a subset of the Cantor middle-third set, C 1
3
. (This does not seem to immediately follow from any of the above proofs. Thomson [9, p. 136 ] claims this to be true, but without proof.)
2. The intuition really has nothing to do with the precise structure of the Cantor set, which might lead one to conjecture the following. Suppose C is any set with the property that C + C contains a set of positive measure. Then there must exist a subset A ⊆ C such that A + A is non-measurable.
3. The intuition relies on the fact that non-measurable sets can have far less content than an entire interval. Therefore, the claim should also hold when non-measurable is replaced by other similar qualities. Recall that if I is a set then a set S is called Bernstein in I if and only if both S and its complement intersect every non-empty perfect subset of I. Constructing a set that is Bernstein in an interval is one of the standard ways of establishing non-measurability. Certainly, any set that is Bernstein in an interval has far less content than the interval itself. Therefore, we might conjecture that there is a subset A ⊆ C 1 3 with A+A Bernstein in [0,2].
4. Combining the reasoning behind the Conjectures 2 and 3, let C be any set with the property that C + C contains an interval, I. We might conjecture that there must exist a subset A ⊆ C such that A + A is Bernstein in I.
We will settle these four conjectures in the next four sections. In particular, in Section 2 we will give a proof of the first conjecture using transfinite induction. This provides what is possibly the simplest proof of the original assertion. However, the proof depends on a particular property of symmetric perfect sets. In Section 3 we give a slightly more complicated argument to prove the second conjecture. We show that any set C contains a subset, A, such that the inner measure of A+A is zero and the outer measure is the same as C + C. In Section 4 we will settle the third conjecture, finding a subset A of the Cantor set such that A + A is Bernstein in [0, 2] . Finally, in Section 5 we will give a counterexample to the fourth conjecture, showing that the above lines of reasoning are indeed limited. In all of these proofs, we will be assuming the axioms of ZFC. No additional set theoretical assumptions will be used.
The existence of these sets is interesting historically. Suppose E is a measurable set and f is a measurable function. Several researchers in the area of generalized derivatives have taken for granted the measurability of sets such as:
It wasn't until 1960 that Stein and Zygmund [8] pointed out that the measurability of these sets is not automatic, and not until 1993 that Fejzić and Weil re-proved these results without this assumption. In their paper [4] they also show that this measurability assumption can be reduced to the (false) claim that A + A is measurable whenever A is measurable (see also [5] ).
Conjecture 1 is true.
It is well known that every real x in [0, 2] can be expressed as x = a + b where a, b are in the Cantor set C 1
3
. It is also well known (a proof occurs below in Lemma 4) that for almost every such x there are continuum many such representations. The following theorem therefore gives a positive answer to Conjecture 1. 
Then there is a subset
Proof. If R has no non-empty perfect subsets then we are done. Otherwise it has continuum many such sets. Let {P ξ : ξ < c} be the family of all non-empty perfect subsets of R. We will find an A ⊆ C such that each P ξ intersects both A + A and its complement. Construct a sequence,
where A ξ = η<ξ {a η , b η }. This will ensure that A = A c has the desired properties, since then {c ξ :
To make an inductive step, assume that for some α < c we have already constructed a partial sequence satisfying ( * ) for all ξ < α. First choose a
Conjecture 2 is true.
Conjecture 2 is settled by the following theorem. Note that it proves more than what is needed for Conjecture 2. However, as is the case with Theorem 1, it falls short of establishing that A + A is Bernstein in C + C.
Theorem 2 For every C ⊂ R there exists an A ⊂ C such that A + A has inner measure zero and outer measure the same as C + C.
Proof. We can assume that the inner measure of C + C is positive, since otherwise A = C is as desired.
Let G be a G δ -set containing C +C such that G\(C +C) has inner measure zero. We will construct a set A ⊂ C such that every perfect set P ⊂ G of positive measure intersects both G \ (A + A) and A + A. This implies that A + A has inner measure zero and the same outer measure as C + C.
LetĒ be the family of all perfect subsets P of G of positive measure such that |P ∩(C +C)| < c.
1 Let E be a maximal subfamily ofĒ of pairwise disjoint sets. Then E is at most countable, so E = E is an F σ -set and E ∩ (C + C) has cardinality less than c. For every e ∈ E ∩ (C + C) fix c e , d e ∈ C such that e = c e + d e . Let Z = {{c e , d e } : e ∈ E ∩ (C + C)}. Then Z ⊂ C also has cardinality less than c and E ∩ (C + C) ⊂ Z + Z. Notice that by the maximality of E,
Next, letK be the family of all perfect subsets F of G \ E of positive measure for which there exists an X F ⊂ C such that 1 Since P ∩ (C + C) must have positive outer measure, this set must be uncountable. AlsoĒ is empty if either C + C is measurable or Martin's axiom holds. However, there are models of ZFC containing sets C of cardinality less than c with full outer measure. In that case, C + C also has these properties and soĒ contains all perfect subsets of G of positive measure.
Let K be a maximal subfamily ofK of pairwise disjoint sets. Then K is at most countable, so K = K is an F σ -set and X = F ∈K X F ⊂ C has cardinality less than c. Clearly K ∩ (C + C) ⊂ X + C. Moreover, by the maximality of K, (b) for every P ⊂ G \ (E ∪ K) of positive measure and any set X ⊆ C of cardinality less than c, (P ∩ (C + C)) (X + C).
Let P be the family of all non-empty perfect subsets P of G \ E of positive measure such that either P ⊂ K or P ∩ K = ∅. Let {P ξ : ξ < c} be an enumeration of P. We will find an A ⊂ C containing Z such that each P ξ intersects both A + A and G \ (A + A). First notice that such a set will be as desired.
Indeed, take a perfect set P ⊂ G of positive measure. We have to show that P intersects both G \ (A + A) and A + A. If P ∩ E has positive measure then
has cardinality less than c. On the other hand, if P ∩ E has measure zero then P \ E contains one of sets P ξ , since in this case
where A β = Z∪X∪ η<β {a η , b η }. This will ensure that A = A c has the desired properties since then {c ξ : ξ < c} ⊂ A + A and {d ξ : ξ < c} ∩ (A + A) = ∅.
To make an inductive step assume that for some ξ < c we have already constructed a partial sequence for which {d η : η < ξ}
, where LIN Q (S) denotes the set of finite linear combinations of elements in S with rational coefficients. Notice that |Y | < c since |S| < c implies |LIN Q (S)| < c. Consider two cases.
and so also is c ξ = a ξ + b ξ , contradicting the choice of c ξ .
Now, take a and b as in ( * ) and put a ξ = a, b ξ = b, and
In both cases we finish the inductive step by choosing a d ξ ∈ P ξ \LIN Q (A ξ+1 ).
Conjecture 3 is true.
In this section we embellish the argument in Section 1 to settle the third conjecture.
Definition 3 Two real numbers x, y will be called equivalent and we write x ∼ y if and only if there is a ternary expansion of x and a ternary expansion of y such that the two expansions disagree on only finitely many digits.
Note that if x is a ternary rational then it will have two possible ternary expansions. According to the definition, all such ternary rationals are equivalent. Every other real x has a unique ternary expansion. The following theorem fulfills the promise made in Section 2, showing that almost every x ∈ [0, 2] has c many representations as the sum of elements in the Cantor set. Suppose first that c is a ternary rational. Then the digits of c must end in either a sequence of zeros or a sequence of two's. In either case, the digits of a and b must do likewise and so they are also ternary rationals. Therefore, a ∼ b ∼ c. Now consider the case when c is not a ternary rational, so there is a unique ternary expansion of c. Let us construct the numbers a and b using only even digits. 
Lemma 4 Let x ∈ [0, 2]. If x/2 has infinitely many ones in its ternary

Theorem 5 There is a set
Proof. Let R 0 be the set of elements of [0, 2] that can be expressed in c many ways as the sum of elements of C 1 3 , and let R 1 be the elements that can be expressed in only finitely many ways. Let {P ξ : ξ < c} be the family of all non-empty perfect subsets of [0, 2]. We will find an A ⊆ C 1 3 such that each P ξ intersects both A + A and its complement. Construct
where A ξ = η<ξ {a η , b η } and D ξ = {d η : η ≤ ξ}. This will ensure that A = A c has the desired properties, since then {c ξ : ξ < c} ⊆ A + A ⊆ R \ D ξ . To make the inductive step, assume that for some α < c we have already constructed a partial sequence satisfying ( * ) for all ξ < α. We first choose a α , b α , c α such that a α +b α = c α and such that neither a α nor b α is in D α −A α . We distinguish two cases.
Case 1:
Since, by Lemma 4, both a α and b α are equivalent to c α /2, neither of them is in
Construction is finished by choosing d α ∈ P α \ (A α+1 + A α+1 ).
Conjecture 4 is false.
In this section we will construct a set A such that A + A contains an interval, I, yet there is no subset B ⊆ A with B + B Bernstein in I. Let C 1 2 be the Cantor middle-half set, which will be the basis of our construction. That is, C 1 2 is the set of points, x, in the unit interval such that there is a base four expansion of x that uses only zeros and threes. Note that if the expansion of x ends in a sequence of zeros, then there will be an equivalent expansion ending in a sequence of threes. In this case we will say that x is a quaternary rational. In all other cases, the base 4 decimal expansion is unique.
When we dealt with sums from C 1
, it was easier to think in terms of averages, so that the work could be carried out digit-wise. Similarly, when we work with C 1 2 it will be easier to think in terms of the following auxiliary sets. Let U be the set of elements of [0, 1] that use only zeros and twos in one of its base four expansions, and let V be the set of elements that use only zeros and ones. Since threes are not allowed in either set, each element of U and V has only one valid expansion. Furthermore, the sums in U + V and the sums in V + V can be carried out digit-wise since there will be no carries.
Our construction will be based on the following three lemmas. The proofs of the first two of them can be seen geometrically by examining Figure 1 . •
Unlike the sums of C Proof. Suppose that such a set B exists. Let P and Q be as in the previous lemma. B can't contain a non-empty perfect subset, since that would imply B + B also contains a non-empty perfect subset of [0, 1.5] . Therefore, there is some element x in P \ B. Then x + Q is a perfect subset of P + Q and so each element of x + Q has a unique representation as a sum of elements in A. But then since x / ∈ B no element of x + Q is in B + B. So, B + B is not Bernstein in [0, 1.5], which is a contradiction.
